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What makes a relevant logic relevant

• A logic L is said to have the variable-sharing property (VSP for
short) if A→ B is a theorem in L, Var(A) ∩ Var(B) ̸= ∅.

• VSP is the intrinsic feature of relevance [Standefer, 2025]

• stronger forms of VSP: strong/signed VSP, DRP, strong/signed
DRP
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Proof-theory for relevant logic
• Existing modular calculi are display or labelled calculi provided in e.g.,

display calculi: [Belnap, 1982, Goré, 1998]
labelled calculi:
[Viganò, 2000, Kurokawa and Negri, 2020, De Martin Polo, 2023]

• heavy relational/structural settings prevent tracking how variable
occurrence flows
• Nested calculus is a natural setting for tracking variable occurrences

via rule applications
• Existing nested calculi excel at handling binary accessibility relations

(e.g., modal logic, intuitionistic logic and their combinations).
(e.g.,[Brünnler, 2009, Fitting, 2014, Balbiani et al., 2024])

Can we obtain nested calculi which are able to
(1) capture the ternary relation of Routley-Meyer semantics;
(2) derive meta-logical properties regarding variable-sharing?
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In this work...

• we develop the first nested sequent calculus for B+ which directly
internalizes ternary relations

• with this calculus, we derive various variable-sharing properties
syntactically: VSP, DRP (and their polarized variants)

• the proof-theoretic technique we use is inspired from intuitionistic
modal logic, e.g., [Straßburger, 2013, Gao and Olivetti, 2026]
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The relevant logic B+



Routley-Meyer Relational Semantics
The language Frm is generated by:

Frm ∋ A := p ∈ At | (A∧ A) | (A∨ A) | (A→ A)

where At is a countable set of propositional atoms.

A B+ -frame is a quadrupleF = (O , K,R,≤) where

(i) K is a non-empty set of worlds

(ii) O ⊆ K is the set of regular worlds

(iii) R ⊆ K × K × K is a ternary accessibility relation

(iv) ≤ is a partial order on K, defined as a ≤ b ⇐⇒ ∃u ∈ O &Ruab

Moreover, for all a, b, c, d ∈ K:

• (F1) a ≤ a

• (F2) If a ≤ b and Rbcd, then Racd.
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Routley-Meyer Relational Semantics
A B+ -modelM = (F ,V) pairs a frame with a valuation V : At→P (K)
which is monotonic:

if x ∈ V(p) and x ≤ y, then y ∈ V(p)

Forcing Relation ⊩

• M , x ⊩ p ⇐⇒ x ∈ V(p)

• M , x ⊩ B∧ C ⇐⇒ M , x ⊩ B andM , x ⊩ C

• M , x ⊩ B∨ C ⇐⇒ M , x ⊩ B orM , x ⊩ C

• M , x ⊩ B→ C ⇐⇒ ∀y, z ∈ K(Rxyz &M , y ⊩ B) thenM , z ⊩ C

Monotonicity property

For any formula A ∈ Frm, ifM , x ⊩ A and x ≤ y, thenM , y ⊩ A.
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The Hilbert systemHB+ [Routley and Meyer, 1973]

ax1 A→ A

ax2 (A→ B)→ ((B→ C)→ (A→ C))

ax3 (A→ (A→ B))→ (A→ B)

ax4 (A1 ∧ A2)→ Ai

ax5 ((A→ B)∧ (A→ C))→ (A→ (B∧ C))

ax6 Ai → (A1 ∨ A2)

ax7 ((A→ C)∧ (B→ C))→ ((A∨ B)→ C)

ax8 (A∧ (B∨ C))→ ((A∧ B)∨ C)

rules A A→B
B

A B
A∧B

A→B C→D
(B→C)→(A→D)

Theorem (Soundness and completeness)

A is derivable inHB+ if and only if A is B+ -valid.
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A nested calculus for B+



From sequent to nested sequent

▶ simple sequent:
⇒ Δ, ordered pair of multisets of formulas

▶ nested sequent:
S = A1, . . . ,Ak ⇒ B1, . . . ,Bj, [T1] , . . . , [Tm] [Brünnler, 2009]

tr(S) :

A1, . . . ,Ak ⇒ B1, . . . ,Bk

tr(T1) . . . tr(Tm)

[ ·] [ ·]

where each Ti is nested sequent
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From unary blocks to binary blocks

• In ordinary nested sequents, a block usually refers to a single
accessible world in Kripke semantics, e.g. R-successor in modal
logic or ≤-upper world in intuitionistic logic.

• However, for a ternary relation Rxyz, a world x sees a pair of
worlds (y, z).

• Our solution: Using binary nested blocks 〈· // ·〉

tr(S) :

S0

tr(T1) . . . tr(Tm)

tr(T12) tr(Tm1)

〈·〉 〈·〉
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Syntax of nested sequents

Formulas are polarized by • (left/input) and ◦ (right/output)

• full sequent  :: Λ,

• left-sided Λ :: ∅ | A• | 〈Λ // Λ〉 | Λ,Λ

• right-sided  :: A◦ | 〈Λ // 〉 | 〈 // Λ〉

Example

 = p∨ q•, 〈p• // p∨ q•〉, 〈q◦ // p→ q•〉 is a full nested sequent,
Λ = p∨ q•, 〈p• // p∨ q•〉, 〈p•, q• // p→ q•〉 is a left-sided sequent.
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Basic notions with nesting

• context: G{ } denotes a nested sequent holding an empty
component with the unique palceholder { }
G{} refers to a nested sequent which is fulfilled with  to
G{ }.

• pruning: ∗ means removing the unique output formula of .
By G∗{ } we mean removing the unique output formula in G.

• distinction between regular (non-nesting) and irregular
(arbitrary nesting) worlds:

x∈O⏞ ⏟ 
 , 〈

a∈K⏞ ⏟ 
1 //

b∈K⏞ ⏟ 
2 〉 and G{

a⏞ ⏟ 
 , 〈

b⏞ ⏟ 
1 //

c⏞ ⏟ 
2 〉}
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Example

 = r•, p∨ q•, 〈p• // r→ s•〉, 〈q◦ // p→ q•〉

r•, p∨ q•

p• r→ s• p→ q•q◦

• ∗ = r•, p∨ q•, 〈p• // r→ s•〉, 〈− // p→ q•〉

•  = G{r→ s•} where G{ } = r•, p∨ q•, 〈p• // { }〉, 〈q◦ // p→ q•〉
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The nested calculus CB+ : basic rules

Initial sequents:

(id)
G{, p•, p◦}

Logical rules for∧,∨:

G{,A•,B•}
∧•

G{,A∧ B•}

G{,A◦} G{,B◦}
∧◦

G{,A∧ B◦}

G{,A•} G{,B•}
∨•

G{,A∨ B•}

G{, F◦}
∨◦, F ∈ {A,B}

G{,A∨ B◦}
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The calculus CB+ : special rules

Logical rules for→:

G{, 〈A• // B◦〉}
→◦

G{,A→ B◦}

G∗{∗,A→ B•, 〈∗1 ,A
◦ // ∗2 〉} G{,A→ B•, 〈1 // 2,B•〉}

→•
G{,A→ B•, 〈1 // 2〉}

A structural rule (to mirror monotonicity of ≤):

, 〈A•,1 // A•,2〉 lift
, 〈A•,1 // 2〉
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Example

A∧ (B∨ C)→ (A∧ B)∨ (A∧ C)◦ is provable in CB+ .

Proof.
(id)

〈A•,B• // A•,A◦〉
lift

〈A•,B• // A◦〉

(id)
〈A•,B• // B•,B◦〉

lift
〈A•,B• // B◦〉

∧◦
〈A•,B• // A∧ B◦〉

∨◦
〈A•,B• // (A∧ B)∨ (A∧ C)◦〉

(id)
〈A•, C• // A•,A◦〉

lift
〈A•, C• // A◦〉

(id)
〈A•, C• // C•, C◦〉

lift
〈A•, C• // C◦〉

∧◦
〈A•, C• // A∧ C◦〉

∨◦
〈A•, C• // (A∧ B)∨ (A∧ C)◦〉

∨•
〈A•,B∨ C• // (A∧ B)∨ (A∧ C)◦〉

∧•
〈A∧ (B∨ C)• // (A∧ B)∨ (A∧ C)◦〉

→◦
A∧ (B∨ C)→ (A∧ B)∨ (A∧ C)◦
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lift
〈A•, C• // C◦〉

∧◦
〈A•, C• // A∧ C◦〉

∨◦
〈A•, C• // (A∧ B)∨ (A∧ C)◦〉

∨•
〈A•,B∨ C• // (A∧ B)∨ (A∧ C)◦〉

∧•
〈A∧ (B∨ C)• // (A∧ B)∨ (A∧ C)◦〉

→◦
A∧ (B∨ C)→ (A∧ B)∨ (A∧ C)◦
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Two more structural rules (not in CB+ )

〈1 // 2〉
R1

G{1,2}

, 〈1, 〈Ψ1 // Ψ2〉 // 2〉
R2

, 〈1 // 2, 〈Ψ1 // Ψ2〉〉

• Rule R1 reflects (F1): a ≤ a

• Rule R2 corresponds to (F2): If a ≤ b and Rbcd, then Racd

Compared with labelled calculi

Similar structural rules are necessarily included in a labelled calculus
but do NOT need to be primitive here
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Admissibility and invertibility

• A ruleR is admissible if, when its premises are derivable at height n,
the conclusion is derivable at heightm. Ifm ≤ n, the rule is
height-preserving admissible (hp-admissible).

• A ruleR is height-preserving invertible (hp-invertible) if, when the
conclusion is derivable at height at mostm, all premises are derivable
at height at mostm.

Proposition

The rules∧•,∨• and lift are hp-invertible in CB+ .

Proposition

The rules R1 and R2 are hp-admissible in CB+ .
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Semantic interpretation

LetM = (O , K,R,V) be a B+ -model and x, y, z ∈ K.

For a left-sided sequent  = A•1 , . . . ,A
•
m, 〈11 // 12〉, . . . , 〈j1 // j2〉,

x ⊩  iff:

• for any i ∈ {1, . . . ,m}, x ⊩ A•i ; and

• for any k ∈ {1, . . . , j}, there exist y, z with Rxyz, y ⊩ k1 and z ⊩ k2

For a full sequent,

• x ⊩ ,A◦ iff x ⊩  implies x ⊩ A

• x ⊩ , 〈1 // 2〉 (where 1 is full) iff if x ⊩  then for any y, z with
Rxyz, z ⊩ 2 implies y ⊩ 1

• x ⊩ , 〈1 // 2〉 (where 2 is full) iff if x ⊩  then for any y, z with
Rxyz, y ⊩ 1 implies z ⊩ 2
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Remark on semantic interpretation

The satisfaction of a full sequent says if the left-sided part is satisfied, so is
the unique output.

According to the definition, for a modelM = (O , K,R,V) and w ∈ O , if
M ,w ⊮ G{,A◦}, then there exists some x ∈ K such that x ⊮ ,A◦.

Notice that a block is interpreted differently depending on whether it
contains the output formula and where that formula is precisely located:

• if a block does not contain the unique output formula, it is
interpreted existentially

• if a block does contain the unique output formula, it is interpreted
universally

Similar practice for interpreting nested sequents is also used in intuitionistic
modal logic, e.g. [Straßburger, 2013, Gao and Olivetti, 2026]
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Soundness of CB+

For a rule (r) in CB+ , we say (r) is valid if whenever all of its premises
are valid, the conclusion is also valid.

Lemma

All the rules in CB+ are B+ -valid.

Theorem (Soundness of CB+ )

If a nested sequent  is provable in CB+ , then  is B+ -valid.
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A syntactic proof of completeness of CB+

The cut rule can be applied to any component of the sequent:

G∗{∗,A◦} G{,A•}
cut

G{}

Theorem (Completeness of CB+ + cut)

If a formula A ∈ Frm is valid, then it is provable in CB+ + cut.

Theorem (Cut-admissibility)

The cut rule is admissible in CB+ .
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How CB+ captures relevance flow internally



Setup: some provable equivalences

Let  be a multi-set of •-formulas and Ψ a nested sequent. Then

〈 // Ψ〉 ⇔ 〈− // ,Ψ〉

We call a nested sequent in the form 〈− // 〉 0-free sequent.

Fact
If a derivation is rooted by a 0-free sequent then the derivation only
contains 0-free sequents.

Consequently, for a formula A→ B:

A→ B◦ ⇔ 〈A• // B◦〉 ⇔ 〈− // A•,B◦〉

We only need to focus on 0-free sequents for studying meta-logical
properties.

21/33



Setup: some provable equivalences

Let  be a multi-set of •-formulas and Ψ a nested sequent. Then

〈 // Ψ〉 ⇔ 〈− // ,Ψ〉

We call a nested sequent in the form 〈− // 〉 0-free sequent.

Fact
If a derivation is rooted by a 0-free sequent then the derivation only
contains 0-free sequents.

Consequently, for a formula A→ B:

A→ B◦ ⇔ 〈A• // B◦〉 ⇔ 〈− // A•,B◦〉

We only need to focus on 0-free sequents for studying meta-logical
properties.

21/33



Setup: some provable equivalences

Let  be a multi-set of •-formulas and Ψ a nested sequent. Then

〈 // Ψ〉 ⇔ 〈− // ,Ψ〉

We call a nested sequent in the form 〈− // 〉 0-free sequent.

Fact
If a derivation is rooted by a 0-free sequent then the derivation only
contains 0-free sequents.

Consequently, for a formula A→ B:

A→ B◦ ⇔ 〈A• // B◦〉 ⇔ 〈− // A•,B◦〉

We only need to focus on 0-free sequents for studying meta-logical
properties.

21/33



Setup: some provable equivalences

Let  be a multi-set of •-formulas and Ψ a nested sequent. Then

〈 // Ψ〉 ⇔ 〈− // ,Ψ〉

We call a nested sequent in the form 〈− // 〉 0-free sequent.

Fact
If a derivation is rooted by a 0-free sequent then the derivation only
contains 0-free sequents.

Consequently, for a formula A→ B:

A→ B◦ ⇔ 〈A• // B◦〉 ⇔ 〈− // A•,B◦〉

We only need to focus on 0-free sequents for studying meta-logical
properties.

21/33



Reachability

Let  be a nested sequent. If

 = G{} and  = ′, 〈Ψ1 // Ψ2〉 for some G{ }

then we say Ψ1 and Ψ2 directly belong to  (in ), written as Ψi ∈+0 Ψ.

The relation ∈+ is defined as the transitive and reflexive closure of ∈+0 .
For example, let  = p∨ q•, 〈p•, 〈q• // p◦〉 // t•〉 and denote

1 = p•, 〈q• // p◦〉 2 = t• 3 = p• 4 = p◦

we have i ∈+0 1 ∈+0  for i ∈ {3, 4} and 2 ∈+  but not 1 ∈+0 2.

Definition (Reachable nodes)
Let  be a nested sequent and ,Ψ ∈+ . We say ̃︀ is reachable to ̃︀Ψ if
 ∈+ Ψ or Ψ ∈+ .
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Variable-sharing property

Lemma

Let 〈− // 〉 be a nested sequent with the output formula B. If it is
provable, then there exist ,Ψ ∈+  such that

• B◦ ∈ ̃︀Ψ;
• ̃︀ is reachable to ̃︀Ψ;
• there exists A• ∈ ̃︀ such that Var(A) ∩ Var(B) ̸= ∅.

Theorem (VSP for CB+ )

If 〈− // A•,B◦〉 is provable in CB+ , then Var(A) ∩ Var(B) ̸= ∅.
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The case of→•

Consider an application of→• in the following form:

1 = G∗{∗, C→ D•, 〈∗1 , C
◦ // ∗2 〉} 2 = G{,C→ D•, 〈1 // 2,D•〉}

 = G{, C→ D•, 〈1 // 2〉}

Assume for 2, the output node is Θ and the output formula is θ.

• if the required ρ• is not the displayed D•, apply IH and take the same
ρ for .

• if the required ρ• for 2 is D•. This means Θ is reachable to ̃︁2,D•. By
the tree structure, Θ is also reachable to ̃︀, C→ D•. Take C→ D• as
ρ for , by IH, Var(θ) ∩ Var(D) ̸= ∅, so Var(θ) ∩ Var(C→ D) ̸= ∅.
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The case of→◦

Consider an application of→• in the following form:

′ = G{, 〈C• // D◦〉}

 = G{, C→ D◦}

D◦ is θ◦ for ′ in the statement of the lemma; by IH, Var(ρ) ∩ Var(D) ̸= ∅.
Take the same ρ for , it follows directly Var(ρ) ∩ Var(C→ D) ̸= ∅.

By reachability, ρ• occurs either in ̃︀ or somewhere deep in  or G{ }:

• ̃︀, C→ D◦ is reachable to itself;

• any other node in  or G{ } that is reachable to the output node D◦

in the premise is also reachable to ̃︀, C→ D◦ in the conclusion.
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Depth of formula occurrences

Let F be a formula and Â occurs in F, we define the depth of Â in F, denoted
dpF(Â), as follows:

• dpF(F̂) := 0

• dpF(B̂) := dpF(Ĉ) = n, if they are direct sub-occurrences of B̂@C
and dpF(B̂@C) = n where@ ∈ {∨,∧}

• dpF(B̂) = dpF(Ĉ) = n+ 1 if they are direct sub-occurrences of B̂→ C
and dpF(B̂→ C) = n

For two formula occurrences Â, Ĝ in F such that Â occurs in Ĝ, we write
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Depth of formula occurrences in a sequent

Let  be a sequent. For any  ∈+ , we define dp() as follows:

• dp() = 0

• dp() = n+ 1 if  ∈+0 Ψ and dp(Ψ) = n

For any A ∈ ̃︀ for some  ∈+ , we define dp(A) := dp().

Furthermore, for any formula occurrences B̂ in A, we define its depth in 
with respect to A as dpA


(B̂) := dp(A) + dpA(B̂).

Intuition about the rules
In the case of→• and→◦, the change in depth at a given node is exactly
the opposite of the change in depth in the formula; therefore, the depth of
the shared variable as the witness remains unchanged.
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Depth relevance property
Lemma
Let 〈− // 〉 be a 0-free sequent with the output formula θ. If it is provable,
then there exist ,Ψ ∈+  such that

(a). θ◦ ∈ ̃︀;
(b). ̃︀Ψ is reachable to ̃︀;
(c). there exists χ• ∈ ̃︀Ψ and a variable p such that p ∈ Var(θ) ∩ Var(χ)

and there are two occurrences p̂1, p̂2 of p such that
dpθ


(p̂1) = dpχ


(p̂2).

Theorem (DRP for B+)
If A→ B is a theorem in B+ , then there exists a variable p such that
p ∈ Var(A) ∩ Var(B) and there are two occurrences p̂1, p̂2 of p in A and B
respectively with dpA(p̂1) = dpB(p̂2).
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The case of→◦

Consider an application of→• in the following form:

′ = G{, 〈C• // D◦〉}

 = G{, C→ D◦}

By IH, there is p̂2 in D◦ in ′ satisfying the condition.
We take the corresponding occurrence p̂′2 of p̂2 in D̂ in C→ D◦.
It suffices to show dpC→D


(p̂′2) = dpD

′
(p̂2).

By definition,
dpC→D


(p̂′2) = dp(,C→ D◦) + dpC→D(p̂′2) and

dpD
′
(p̂2) = dp′(, 〈C• // D◦〉) + dpD(p̂2).

dp(,C→ D◦) = dp′(,D◦) − 1 and dpC→D(p̂′2) = dpD(p̂2) + 1, so the
equality holds as required.
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Remark on the proofs of relevance

First, we prove all this properties directly, without going to the
contraposition;

Second, the proofs aremodular, in the sense:

Reachability+ polarity+ depth ⇒ strong DRP

Reachability+ depth ⇒ DRP

Reachability+ polarity ⇒ strong VSP

Reachability ⇒ VSP
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Conclusion

In this work, we have

• proposed a novel notion of nested blocks which directly
internalize Routley-Meyer ternary semantics

• defined a calculus for CB+ using binary nesting

• established soundness and completeness of the calculus

• first syntactic proof of VSP and DRP

Nested calculus provides a syntactic account of relevance
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The next step: Craig interpolation

A sequent  is called focused if for every nested block 〈1 // 2〉 in it, either
1 or 2 is full.

Example

Let 1 = p•, 〈q◦ // p•, 〈q• // q•〉〉 and 2 = p•, 〈q• // p•, 〈q• // q◦〉〉. By
definition, 1 is not a focused sequent but 2 is.

General proof idea towards ... CIP?

• to show the 0-free focused fragment of CB+ is adequate

• to show the ‘active’ part of a focused sequent gives a unique split
which is adequate for Meahara’s induction of interpolation for
sequents
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Further topics

Other obtained results (not included in the slides):

• extended the proof-theoretic framework to a modal logic B+K□

• simulated CB+ by a labelled calculus

Ongoing work:

• treat B with De Morgan negation: one more structural operator for ∼,
in a bi-nested flavor

• treat stronger logics such as TW+ ,RW+ : consider other structural
rules

Thank you for your attention!
Details are found at: https://ghlogic123.github.io/nested_RL.pdf
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