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1 The negation-free relevant logic B+

In this section, we introduce a Hilbert-style proof system together with a relational semantics for the
negation-free fragment of the relevant logic B (cf. [29]), denoted B+.

We begin by defining the propositional language considered throughout this paper.
Definition 1.1. Let At be a countable set of propositional atoms, ranged over by p,q, . . . . The proposi-
tional language is generated by the set of connectives Con = {∧,∨,→}. We denote by Frm the set of
propositional formulas, which are inductively generated by the following grammar:

A ::= p ∈ At | (A∧A) | (A∨A) | (A → A)

The complexity of a formula A, denoted by |A|, is defined as follows: |p| := 0 (for every p ∈ At) and
|A♡B| := max(|A|, |B|)+ 1 (for ♡ ∈ {∧,∨,→}). Moreover, we denote the set of propositional atoms
occurring in A by Var(A). For a set Γ of formulas, let Var(Γ) :=

⋃
A∈ΓVar(A).

Next, we examine B+, presenting its Hilbert system denoted HB+ , together with the associated
relational semantics. The former is displayed in Figure 1. As for the latter, we present the Routley–Meyer
semantics for B+ which features a ternary relation among states [28, 29, 24].

ax1 A → A
ax2 A1 ∧A2 → Ai where i ∈ {1,2}
ax3 (A → B)∧ (A →C)→ (A → (B∧C))
ax4 Ai → (A1 ∨A2) where i ∈ {1,2}
ax5 (A →C)∧ (B →C)→ ((A∨B)→C)
ax6 A∧ (B∨C)→ (A∧B)∨ (A∧C)

A A → B
mp

B
A B

adj
A∧B

A → B C → D
aff

(B →C)→ (A → D)

Figure 1: The Hilbert system HB+ for B+.

Remark 1.2. Before turning to the formal details, it is worth noting that relational semantics for propo-
sitional relevant logics admits several variants. One may, for instance, distinguish a subset of regular
states within the set of all states, or alternatively collapse this structure to a single distinguished regular
state, typically denoted by 0 (cf. e.g., [27, 16, 33]).
Definition 1.3 (B+-frames and B+-models). A B+-frame is a triple F = ⟨K,O,R⟩, where K is a non-
empty set of worlds, O ⊆ K is a non-empty set of regular worlds, and R is a ternary relation on K. For
any a,b ∈ K, we define a binary relation ≤ as follows: a ≤ b iff ∃x(x ∈ O & Rxab). The following
conditions are imposed on B+-frames (cf. Figure 2). For all a,b,c,d ∈ K:
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Figure 2: Frame conditions F1 (left) and F2 (right). The Y-like fork structure in blue represents the
ternary relation, where the successor is a pair of nodes. The arrows in red represent the pre-order between
the two worlds in the same pair and the pair is a successor of a regular world. In the left graph, the two
nodes in the pair coincide, make the relation ≤ reflexive. In the right graph, the dashed arrows mean that
the same worlds c,d also form a pair of successors of a.

(F1) a ≤ a
(F2) if a ≤ b and Rbcd, then Racd.

A B+-model is a pair M = ⟨F ,V ⟩, where F is a B+-frame and V : At−→℘(K) is a valuation function
satisfying the following condition: for all p ∈ At and all a,b ∈ K, if a ≤ b and a ∈V (p), then b ∈V (p).

Definition 1.4. The satisfaction relation in B+ for propositional formulas is defined inductively in the
following way. For all a ∈ K and A,B ∈ Frm:

M ,a ⊩ p iff a ∈V (p), for p ∈ At (i)

M ,a ⊩ A∧B iff M ,a ⊩ A and M ,a ⊩ B (ii)

M ,a ⊩ A∨B iff M ,a ⊩ A or M ,a ⊩ B (iii)

M ,a ⊩ A → B iff ∀b,c ∈ K, if Rabc and M ,b ⊩ A, then M ,c ⊩ B (iv)

A formula A is satisfied in M iff M ,x ⊩ A for all x ∈ O . A formula A is valid in a frame F iff it is
satisfied in every B+-model based on F . A formula A is B+-valid iff it is valid in every B+-frame F .
Lemma 1.5 ([28, 29]). For all a,b ∈ K and A ∈ Frm, if a ≤ b and a ⊩ A, then b ⊩ A.
Theorem 1.6 ([28, 29]). A is derivable in HB+ if and only if A is B+-valid.
Lemma 1.7 (Verification Lemma).

2 Nested sequents for relevant implication

In this section, we develop the proof theory of B+ by extending the standard nested framework so that it
can capture the ternary relation of Routley-Meyer frames. Based on this novel notion of nested sequents,
we introduce a nested calculus for B+ built on binary nested blocks, i.e., blocks containing two argu-
ments. We then present the semantic interpretation of the proposed framework and prove soundness of
the calculus. Finally, we establish completeness by means of a syntactic proof of (cut)-admissibility.

First, we define the syntax of nested sequents based on Frm where formulas are decorated with po-
larities • and ◦. We make use of a structural operator ⟨·// ·⟩ with two arguments (also called component)
to generate the nesting structure and this binary operator is called a relevant block.
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Definition 2.1. Nested sequents are generated by the following grammar:

Γ :: Λ,Π Λ :: A•
1, . . . ,A

•
n,⟨Λ11 //Λ12⟩, . . . ,⟨Λk1 //Λk2⟩ Π :: A◦ | ⟨Λ//Γ⟩ | ⟨Γ//Λ⟩

Expressions in the above definition containing an output formula A◦ are called full nested sequent
(sequent for short) while those with only •-formulas occurring nestedly are called left-sided sequents.
According to the definition, a sequent consists of two parts, the left part which only contains •-decorated
formulas, and the right part which is a single formula A◦ or a relevant block where exactly one of the
two arguments is a full sequent. We also need the notion of generic sequents when it is not necessary to
specify whether it is full or left-sided. To make it clear, we shall use the following naming for different
types of sequents in this paper:

full sequents: Γ left-sided sequents: Λ generic sequents: Σ,Φ,Ψ

Remark 2.2. To the best of our knowledge, binary nested sequents representing trees of pairs of sequents
have not been considered in the literature. In [1], a binary structure [A : S] is considered, where A and S go
in pairs and it looks like our binary nested block. However, in their definition, A is a decorated formula
which is neither involved in the nested structure, nor decomposed by rule applications, whereas S is a
nested sequent. Therefore, this kind of modified nested sequents still lies in the category of so-called
nested sequents with unary blocks. 1

As usual in nested calculi, we have the notion of context in order to specify where the rule is applied
within the nested structure. We follow the terminology and notation used in [4], that is, by G{ }, we
mean a nested sequent holding an empty component with the unique palceholder { } and G{Σ} refers
to a nested sequent which is fulfilled with Σ to G{ }. 2 This is slightly different from the initial use of
context in e.g. [35, 8].

We write ⟨Φ//−⟩ and ⟨−//Φ⟩ if either component in the relevant pair is empty. Since a full nested
sequent only contains one output formula and our calculus will only operate on full sequents, to simplify
notations, we will generically use Σ,Φ,Ψ, . . . to denote both sequents and left-sided sequents.

Definition 2.3. We define two operators for a (left-sided) sequent Σ: (1) Σ̃ to remove all the possible
blocks in Σ; (2) Σ∗ to remove the unique output formula.

Notice that if Σ is a left-sided sequent, then Σ∗ = Σ. The ∗-operator is adopted to context as well, by
G∗{ } we mean removing the unique output formula in G.

Example 2.4. By definition, Σ = p∨ q•,⟨p• // p∨q•⟩,⟨q◦ // p → q•⟩ is a full nested sequent, Σ∗ = p∨
q•,⟨p• // p∨q•⟩,⟨−// p → q•⟩ and Σ̃ = p∨q•. A graphic representation of Σ is found in Figure 3.

A nested sequent calculus for the logic B+ is given in Figure 4. We provide some explanations for
these rules as below.

Remark 2.5. In CB+ all logical rules can be applied at any component within any nested block while
(lift) is only applicable to blocks belonging to the top-level component. This distinction is useful for
separating the semantic roles of the relations a ≤ b and Rabc within the calculus. As will be shown later
in the semantic interpretation, the top-level component of a nested sequent is associated with the regular
worlds of the semantics, while the relevant block immediately succeeding it corresponds to two worlds,
say a,b ∈ K, to be read as a ≤ b. By contrast, the components occurring inside nested sequents are

1We thank Nicola Olivetti and Marianna Girlando for explaining the underlying idea of using nested sequents in the condi-
tional context.

2Note that Σ can be either full or left-sided according to whether G{ } contains an output formula.
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r•, p∨q•

p• r → s• p → q•q◦

Figure 3: Graphic representation of r•, p∨ q•,⟨p• // r → s•⟩,⟨q◦ // p → q•⟩. The root corresponds to
the top-level component, which contains two left-formulas r•, p∨q•; the two blocks then represent two
independent pairs of children of the root in this relational structure.

Initial sequents:
(id)

G{Σ, p•, p◦}

Logical rules:
G{Σ,A•,B•}

∧•
G{Σ,A∧B•}

G{Σ,A◦} G{Σ,B◦}
∧◦

G{Σ,A∧B◦}

G{Σ,A•} G{Σ,B•}
∨•

G{Σ,A∨B•}
G{Σ,A◦}

∨◦
G{Σ,A∨B◦}

G{Σ,B◦}
∨◦

G{Σ,A∨B◦}

G∗{Σ∗,A → B•,⟨Φ∗
1,A

◦ //Φ∗
2⟩} G{Σ,A → B•,⟨Φ1 //Φ2,B•⟩}

→•
G{Σ,A → B•,⟨Φ1 //Φ2⟩}

G{Σ,⟨A• //B◦⟩}
→◦

G{Σ,A → B◦}

Structural rules:
Σ,⟨A•,Φ1 //A•,Φ2⟩

(lift)
Σ,⟨A•,Φ1 //Φ2⟩

Figure 4: CB+ , a nested sequent calculus for B+

associated with irregular worlds in K. Thus Rxab (where x ∈ O) and Rabc are represented graphically
in a nested sequent as

x∈O︷︸︸︷
Σ ,⟨

a∈K︷︸︸︷
Φ1 //

b∈K︷︸︸︷
Φ2 ⟩ and G{

a︷︸︸︷
Σ ,⟨

b︷︸︸︷
Φ1 //

c︷︸︸︷
Φ2 ⟩}

The rules (lift),→•,→◦ involving propagation or production of relevant blocks make the two arguments
contained in the same block not interchangeable. The rule (lift) – some variants thereof being famil-
iar from intuitionistic logic (c.f. [13]) – expresses the monotonicity property semantically captured by
Lemma 1.5. The rules for → are inspired by the semantic clause for implication. From a backward
view, →◦ states that an implication is false at a world a when there exist worlds b,c with Rabc, where
b satisfies the antecedent and c falsifies the consequent. Syntactically, this is captured by the relevant
block G{Σ,⟨A• //B◦⟩} in the premise, whose two components represent b and c. Dually, →• reflects the
semantic use of already opened worlds: any relevant block associated with a sequent containing A → B•

may be used. The two premises then represent the worlds b and c, with A◦ in the first component and B•

in the second. To keep the single output structure, we have the similar ‘pruning’ for the left premise as
[35] to remove the existing output formula and put A◦ as the unique output formula.
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As usual, a derivation is a rooted tree defined in the standard way, and its height is the length of its
longest branch. We say that a formula A is CB+-derivable whenever the sequent A◦ is CB+-derivable.

Definition 2.6 (Formula occurrences). We say an occurrence of a formula occurring in the conclusion of
an application of a logical rule (r) is side if it is not involved in the rule application and kept in at least
one of the premise(es); weak if it is not involved in the rule application and does not occur in any of the
premise(es). Occurrences of formulas which are neither side nor weak are called principal. For example,
in (∨◦), the explicit A∨B◦ is principal and formulas in Σ and G{ } are all side. For the only structural
rule (lift), we call all the formula occurrences by side formulas.

The following proposition is shown by induction on the complexity of A.

Proposition 2.7. Generalized initial sequents of the form G{Σ,A•,A◦} are derivable in CB+ .

Proof. We only demonstrate the non-trivial case when A = B →C,

IH
G∗{Σ∗,B →C•,⟨B•,B◦ //−⟩}

IH
G{Σ,B →C•,⟨B• //C•,C◦⟩}

→•
G{Σ,B →C•,⟨B• //C◦⟩}

→◦
G{Σ,B →C•,B →C◦}

This completes the proof.

2.1 Semantic interpretation and soundness

In what follows, we establish the soundness of CB+ . To this end, the satisfaction relation introduced in
the previous section is extended from formulas to nested sequents, in accordance with the interpretation
outlined in Remark 2.5.

Definition 2.8 (Semantic interpretation). Let Σ be a sequent and M = (O,K,R,V ) be a B+-model and
x,y,z ∈ K.

For a left-sided sequent Σ = A•
1, . . . ,A

•
m,⟨Φ11 //Φ12⟩, . . . ,⟨Φ j1 //Φ j2⟩, we define x ⊩ Σ iff

• for any i ∈ {1, . . . ,m}, x ⊩ A•
i ; and

• for any j ∈ {1, . . . ,n}, there exist y,z with Rxyz, y ⊩Φ j1 and z ⊩Φ j2

For a full sequent, we define the interpretation according to the location of the output formula:

• x ⊩ Σ,A◦ iff x ⊩ Σ implies x ⊩ A

• x ⊩ Σ,⟨Φ1 //Φ2⟩ (where Φ1 is full) iff if x ⊩ Σ then for any y,z with Rxyz, z ⊩Φ2 implies y ⊩Φ1

• x ⊩ Σ,⟨Φ1 //Φ2⟩ (where Φ2 is full) iff if x ⊩ Σ then for any y,z with Rxyz, y ⊩Φ1 implies z ⊩Φ2

We say a sequent Σ is B+-satisfiable if there is a B+-model M and a regular world w in it such that
M ,w ⊩ Σ; and Σ is B+-valid if M ,w ⊩ Σ for any B+-model M and any regular world w in it.

Remark 2.9. Notice that a block is interpreted differently depending on whether it contains the output
formula and where that formula is precisely located. In particular, if a block does not contain the unique
output formula, it is interpreted existentially; otherwise, it is interpreted universally. Similar practice
for interpreting nested sequents with single output is also used in the context of intuitionistic modal
logic [35], where an unary block is interpreted as ♢ (existential) if it does not contain the unique output
formula; and as □ (universal) otherwise.
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Intuitively, the satisfaction of a full sequent says if the left-sided part is satisfied, so is the unique
output formula. According to the definition, for a model M = (O,K,R,V ) and w ∈ O , if M ,w ⊮
G{Σ,A◦}, then there exists some x ∈ K such that x ⊮ Σ,A◦.

To show the soundness of the calculus, we first verify each rule of CB+ is valid. For a rule (r) in
CB+ , we say (r) is valid if whenever all of its premise are valid, the conclusion is also valid.

Lemma 2.10. All the rules in CB+ are B+-valid.

Proof. We prove the basic case when G{ } is empty, the general case is then proved by induction on the
structure of the context. We only show the two rules for implication as other cases are straightforward.

→•: Let Σ = Σ′,A → B• and the output formula being in Φ1. Assume the premises are valid but the
conclusion is not. Since ⊮ Σ′,A → B•,⟨Φ1 //Φ2⟩, there exists a model M = (O,K,R,V ) and
x ∈ O such that M ,x ⊮ Σ′,A → B•,⟨Φ1 //Φ2⟩. This implies M ,x ⊩ Σ′. If Φ1 is full, then there
exist y,z ∈ K such that Rxyz, z ⊩ Φ2 and y ⊮ Φ1. Since x ⊩ A → B, by the semantic clause of
implication we have that for all u′,v′ with Rxu′v′, if u′ ⊩ A then v′ ⊩ B. Hence for u′,v′ we obtain
u′ ⊮ A or v′ ⊩ B. If u′ ⊮ A, then M ,x ⊮ Σ,⟨Φ∗

1,A
◦ //Φ∗

2⟩, contradicting the validity of the first
premise. If v′ ⊩ B, then M ,x ⊮ Σ,⟨Φ1 //Φ2,B•⟩, contradicting the validity of the second premise.

→◦: Assume the premise is valid but the conclusion is not. Since ⊮ Σ,A → B◦, it implies there exists a
model M = (O,K,R,V ) and x ∈ O such that M ,x ⊮ Σ,A → B◦, which further implies M ,x ⊩ Σ

and M ,x ⊮ A → B. Hence there exist y,z ∈ K such that Rxyz, y ⊩ A, and z ⊮ B. Meanwhile, since
⊩ Σ,⟨A• //B◦⟩, we have M ,x ⊩ ⟨A• //B◦⟩. Since the forcing of ⟨A• //B◦⟩ at x requires that for all
y′,z′ with Rxy′z′, if y′ ⊩ A then z′ ⊩ B, so by y ⊩ A we have z ⊩ B, a contradiction.

This completes the proof.

The soundness of CB+K□ then follows as usual by induction on the structure of a derivation.

Theorem 2.11 (Soundness of CB+). Let Σ be a sequent. If Σ is derivable in CB+ , then it is B+-valid.

2.2 Completeness and (cut)-admissibility

In this section, our aim is twofold. First, we establish the completeness of the calculus with cut rule by
deriving the axioms of the Hilbert system HB+ within CB+ +(cut). On the basis of these results, and by
proving some preliminary structural properties of CB+ together with the invertibility of certain rules, we
then show that (cut) is an admissible rule. As a consequence, the calculus CB+ itself is complete.

Definition 2.12 (Cut rule). The nested (cut)-rule is defined as

G∗{Σ∗,A◦} G{Σ,A•}
(cut)

G{Σ}

Theorem 2.13 (Completeness of CB+ +(cut)). All the axioms and rules in HB+ are derivable in CB+ +
(cut). Consequently, if a formula A ∈ Frm is valid, then it is provable in CB+ +(cut).

Proof. The derivations of the axioms and rules are found in the Appendix.

The rest of this section is devoted to the proof of cut-admissibility. To this end, we begin by intro-
ducing the following preliminary notions.
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Definition 2.14 ((hp-)admissibility and (hp-)invertibility). A rule R is called admissible in a calculus if,
whenever all of its premises are derivable at height n, its conclusion is also derivable with height at most
m. If m ≤ n, then R is called height-preserving admissible (hp-admissible for short). A rule R is called
height-preserving invertible (hp-invertible for short) in a calculus if, whenever its conclusion is derivable
with height at most m, all of its premises are derivable with height at most m as well.

Proposition 2.15. The rules ∧•,∨• and (lift) are hp-invertible in CB+ .

Proposition 2.16. The following structural rules are hp-admissible in CB+:

G{A•,A•,Σ}
c

G{A•,Σ}
G{Σ}

w
G{Λ,Σ}

G{Σ,⟨Φ1 //Φ2⟩,⟨Ψ1 //Ψ2⟩}
m

G{Σ,⟨Φ1,Ψ1 //Ψ2,Φ2⟩}

Proof. The proof follows from a routine induction on the height of the derivation.

Further structural rules are considered for establishing the completeness of CB+ , but they need not
be taken as primitive. We consider the following two rules:

⟨Φ1 //Φ2⟩
R1

G{Φ1,Φ2}
Σ,⟨Φ1,⟨Ψ1 //Ψ2⟩//Φ2⟩

R2
Σ,⟨Φ1 //Φ2,⟨Ψ1 //Ψ2⟩⟩

Rule R1 reflects frame condition (F1), expressing the reflexivity of ≤ by allowing any nested component
to be treated as a whole relevant block. Rule R2 corresponds to frame condition (F2) and allows a
relevant block occurring in the second component of a top-level block to be moved to the first component.
Moreover, the semantics given in Definition 2.8 aligns well with these rules, ensuring their validity in
full generality and making any restriction on the position of the output formula unnecessary.

We show both R1 and R2 are ‘correct’ structural rules in CB+ in the sense that they are semantically
valid and syntactically hp-admissible in the calculus.

Proposition 2.17. The rules R1 and R2 are B+-valid.

Proof. First, we prove the validity of R1. Since ⟨Φ1 //Φ2⟩ is full, the output formula occurs either
in Φ1 or Φ2. We only show the former case as the latter is similar. Assume the premise is valid but
the conclusion is not. Then there exist a model M = (O,K,R,V ) and a ∈ K such that a ⊩ Φ2 and
a ̸⊩ Φ1. Since a ≤ a, by (F1) there exists x ∈ O such that Rxaa. By the semantic clause for ⟨Φ1 //Φ2⟩,
x⊩ ⟨Φ1 //Φ2⟩ requires that for all y,z ∈ K, if Rxyz and z⊩Φ2 then y⊩Φ1. Taking y = a and z = a, since
Rxaa, a ⊩Φ2 and a ̸⊩Φ1, we obtain x ̸⊩ ⟨Φ1 //Φ2⟩, contradicting the validity of the premise.

Next, we move towards the validity of R2. We only show two cases when the output formula occurs
in Σ and Φ1 as the other cases are similar.

• The output formula occurs in Σ. Assume the conclusion is not valid, this means there exists a model
M = (O,K,R,V ) and w ∈ O such that w ⊮ Σ and w ⊩ Σ∗,⟨Φ1 //Φ2,⟨Ψ1 //Ψ2⟩⟩. By definition,
we have w ⊩ ⟨Φ1 //Φ2,⟨Ψ1 //Ψ2⟩⟩, which is a left-sided sequent. This further implies there exist
a,b,c,d ∈ K such that Rwab,a ⊩ Φ1,b ⊩ Φ2 and Rbcd,c ⊩ Ψ1 and d ⊩ Ψ2. Since the premise
is valid, we have w ⊩ Σ,⟨Φ1,⟨Ψ1 //Ψ2⟩//Φ2⟩. Since w ⊮ Σ, we have w ⊮ ⟨Φ1,⟨Ψ1 //Ψ2⟩//Φ2⟩.
This implies that for any a′,b′,c′,d′ with Rwa′b′ and Ra′c′d′, either a′ ⊮ Φ1 or b′ ⊮ Φ2 or c′ ⊮ Ψ1
or d′ ⊮ Ψ2. Taking a,b,c,d given by the invalidity of the conclusion, we have a⊩Φ1 and b⊩Φ2;
moreover, from Rbcd and Rwab, by (F2) we have Racd, hence c ⊮ Ψ1 or d ⊮ Ψ2. Since c ⊩ Ψ1
and d ⊩Ψ2, a contradiction.
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• The output formula occurs in Φ1. Assume the conclusion is not valid, this means there exists a
model M = (O,K,R,V ) and w ∈ O such that w ⊩ Σ and w ⊮ ⟨Φ1 //Φ2,⟨Ψ1 //Ψ2⟩⟩. By Defini-
tion 2.8 there exist a,b ∈ K such that Rwab,a ⊮ Φ1 and b ⊩ Φ2,⟨Ψ1 //Ψ2⟩. Since ⟨Ψ1 //Ψ2⟩ is
left-sided, this further implies for any c,d ∈ K with Rbcd it holds c ⊩ Ψ1 and d ⊩ Ψ2. Since the
premise is valid we have w ⊩ Σ,⟨Φ1,⟨Ψ1 //Ψ2⟩//Φ2⟩. Since b ⊩Φ2, we have a ⊩Φ1,⟨Ψ1 //Ψ2⟩.
Recall that a ⊮ Φ1 and ⟨Ψ1 //Ψ2⟩ is left-sided, hence a ⊮ ⟨Ψ1 //Ψ2⟩. This implies that for any
c′,d′ with Rac′d′, either c′ ⊮ Ψ1 or d′ ⊮ Ψ2. Taking c,d obtained above, from Rbcd and Rwab we
obtain Racd by (F2), since c ⊩Ψ1 and d ⊩Ψ2, a contradiction.

This completes the proof.

Proposition 2.18. The rules R1 and R2 are hp-admissible in CB+ .

Proof. First, we provide a detailed proof of the admissibility of R2. The proof proceeds by induction on
the height n of the derivation. If n = 0, the conclusion follows straightforwardly. If n > 0, let us consider
the last rule r applied in the derivation of the premise.
Case 1. r is applied in Σ. If r is one of the propositional rules, the case is straightforward: by considering
a derivation of the premise ending with an application of r, the induction hypothesis yields a derivation
of the desired conclusion, to which r can then be applied again. As an example, take Σ = Σ′,A → B• and
r =→• is applied to A → B• and ⟨Φ1,⟨Ψ1 //Ψ2⟩//Φ2⟩.

...
Σ′,A → B•,⟨Φ∗

1,A
◦,⟨Ψ∗

1 //Ψ∗
2⟩//Φ∗

2⟩

...
Σ′,A → B•,⟨Φ1,⟨Ψ1 //Ψ2⟩//Φ2,B•⟩

r
Σ′,A → B•,⟨Φ1,⟨Ψ1 //Ψ2⟩//Φ2⟩

R2
Σ′,A → B•,⟨Φ1 //Φ2,⟨Ψ1 //Ψ2⟩⟩

⇝

...
Σ′,A → B•,⟨Φ∗

1,A
◦,⟨Ψ∗

1 //Ψ∗
2⟩//Φ∗

2⟩ IH
Σ′,A → B•,⟨Φ∗

1,A
◦ //Φ∗

2,⟨Ψ∗
1 //Ψ∗

2⟩⟩

...
Σ′,A → B•,⟨Φ1,⟨Ψ1 //Ψ2⟩//Φ2,B•⟩

IH
Σ′,A → B•,⟨Φ1 //Φ2,B•,⟨Ψ1 //Ψ2⟩⟩

r
Σ′,A → B•,⟨Φ1 //Φ2,⟨Ψ1 //Ψ2⟩⟩

Case 2. r is applied in Φ1.

• If r is a rule for either ∧ or ∨, no difficulties arise.

• Let Φ1 = Φ′
1,A → B• and r =→• is applied to A → B• and ⟨Ψ1 //Ψ2⟩. We have

...
Σ∗,⟨Φ′

1
∗,A → B•,⟨Ψ∗

1,A
◦ //Ψ∗

2⟩//Φ∗
2⟩

...
Σ,⟨Φ′

1,A → B•,⟨Ψ1 //Ψ2,B•⟩//Φ2⟩
r

Σ,⟨Φ′
1,A → B•,⟨Ψ1 //Ψ2⟩//Φ2⟩

R2
Σ,⟨Φ′

1,A → B• //Φ2,⟨Ψ1 //Ψ2⟩⟩

⇝

...
Σ∗,⟨Φ′

1
∗,A → B•,⟨Ψ∗

1,A
◦ //Ψ∗

2⟩//Φ∗
2⟩ IH

Σ∗,⟨Φ′
1
∗,A → B• //Φ∗

2,⟨Ψ∗
1,A

◦ //Ψ∗
2⟩⟩

w
Σ∗,⟨Φ′

1
∗,A → B• //Φ∗

2,A → B•,⟨Ψ∗
1,A

◦ //Ψ∗
2⟩⟩

...
Σ,⟨Φ′

1,A → B•,⟨Ψ1 //Ψ2,B•⟩//Φ2⟩
IH

Σ,⟨Φ′
1,A → B• //Φ2,⟨Ψ1 //Ψ2,B•⟩⟩

w
Σ,⟨Φ′

1,A → B• //Φ2,A → B•,⟨Ψ1 //Ψ2,B•⟩⟩
r

Σ,⟨Φ′
1,A → B• //Φ2,A → B•,⟨Ψ1 //Ψ2⟩⟩

hp-inv. (lift)
Σ,⟨Φ′

1,A → B• //Φ2,⟨Ψ1 //Ψ2⟩⟩

• Let Φ1 = Φ′
1,A → B•,⟨Θ1 //Θ2⟩ and r =→• is applied to A → B• and ⟨Θ1 //Θ2⟩.
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...
Σ∗,⟨Φ′

1
∗,A → B•,⟨Θ∗

1,A
◦ //Θ∗

2⟩,⟨Ψ∗
1 //Ψ∗

2⟩//Φ∗
2⟩

...
Σ,⟨Φ′

1,A → B•,⟨Θ1 //Θ2,B•⟩,⟨Ψ1 //Ψ2⟩//Φ2⟩
r

Σ,⟨Φ′
1,A → B•,⟨Θ1 //Θ2⟩,⟨Ψ1 //Ψ2⟩//Φ2⟩

R2
Σ,⟨Φ′

1,A → B•,⟨Θ1 //Θ2⟩//Φ2,⟨Ψ1 //Ψ2⟩⟩

⇝

...
Σ∗,⟨Φ′

1
∗,A → B•,⟨Θ∗

1,A
◦ //Θ∗

2⟩,⟨Ψ∗
1 //Ψ∗

2⟩//Φ∗
2⟩ IH

Σ,⟨Φ′
1,A → B•,⟨Θ∗

1,A
◦ //Θ∗

2⟩//Φ2,⟨Ψ1 //Ψ2⟩⟩

...
Σ,⟨Φ′

1,A → B•,⟨Θ1 //Θ2,B•⟩,⟨Ψ1 //Ψ2⟩//Φ2⟩
IH

Σ,⟨Φ′
1,A → B•,⟨Θ1 //Θ2,B•⟩//Φ2,⟨Ψ1 //Ψ2⟩⟩

r
Σ,⟨Φ′

1,A → B•,⟨Θ1 //Θ2⟩//Φ2,⟨Ψ1 //Ψ2⟩⟩

Other nested cases happened within Φ1 are similar.

• Let Φ1 = Φ′
1,A → B◦ and r =→◦. We consider the following derivation.

...
Σ,⟨Φ′

1,⟨A• //B◦⟩,⟨Ψ1 //Ψ2⟩//Φ2⟩
r

Σ,⟨Φ′
1,A → B◦,⟨Ψ1 //Ψ2⟩//Φ2⟩

R2
Σ,⟨Φ′

1,A → B◦ //Φ2,⟨Ψ1 //Ψ2⟩⟩

⇝

...
Σ,⟨Φ′

1,⟨A• //B◦⟩,⟨Ψ1 //Ψ2⟩//Φ2⟩
IH

Σ,⟨Φ′
1,⟨A• //B◦⟩//Φ2,⟨Ψ1 //Ψ2⟩⟩

r
Σ,⟨Φ′

1,A → B◦ //Φ2,⟨Ψ1 //Ψ2⟩⟩

• Let Φ1 = A•,Φ′
1, with A• being involved in r = (lift). We consider the following derivation.

...
Σ,⟨A•,Φ′

1,⟨Ψ1 //Ψ2⟩//A•,Φ2⟩
r

Σ,⟨A•,Φ′
1,⟨Ψ1 //Ψ2⟩//Φ2⟩

R2
Σ,⟨A•,Φ′

1 //Φ2,⟨Ψ1 //Ψ2⟩⟩

⇝

...
Σ,⟨A•,Φ′

1,⟨Ψ1 //Ψ2⟩//A•,Φ2⟩
IH

Σ,⟨A•,Φ′
1 //A•,Φ2,⟨Ψ1 //Ψ2⟩⟩

r
Σ,⟨A•,Φ′

1 //Φ2,⟨Ψ1 //Ψ2⟩⟩

Case 3. r is applied in ⟨Ψ1 //Ψ2⟩. We distinguish two subcases, depending on whether r is applied in
Ψ1 or in Ψ2. These cases present no particular difficulties. By examining the premises of r, we apply the
induction hypothesis to each of them in order to relocate the relevant block ⟨Ψ1 //Ψ2⟩ into the second
component. The desired conclusion is then obtained by reapplying r.
Case 4. r is applied in Φ2. Similarly to Case 2.

Now, we turn to R1. The proof proceeds in a similar and even simpler way. We only show the
case when the premise ⟨Φ1 //Φ2⟩ is derived from (lift). In this case, assume the rule is applied to some
A• ∈Φ1 and we further denote Φ1 =A•,Φ′

1. Then we have the following transformation of the derivation:
...

⟨A•,Φ′
1 //A•,Φ2⟩

(lift)
⟨A•,Φ′

1 //Φ2⟩
R1

G{A•,Φ′
1,Φ2}

⇝

...
⟨A•,Φ′

1 //A•,Φ2⟩
IH

G{A•,A•,Φ′
1,Φ2}

c
G{A•,Φ′

1,Φ2}
This completes the proof.

Theorem 2.19 (Cut-admissibility). (cut) is admissible in CB+ .

Proof. Let us consider an application of (cut) of the following form in a derivation D :

D1

G∗{Σ∗,A◦}

D2

G{A•,Σ}
(cut)

G{Σ}
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We define as usual the rank of each application of (cut) as an ordered pair (|A|,h1 + h2) where |A|
denotes the size of the cut formula A and h1,h2 denote the height of the two premises of (cut) in D1 and
D2 respectively. We prove by induction on the rank of (cut).

For the basic step, suppose A = p. If the left premise G{Σ∗,A◦} is an initial sequent, then A• ∈ Σ̃∗.
Applying contraction to the right premise, we obtain the conclusion from the premise directly. If the right
premise G{Σ,A•} is an initial sequent, then either A◦ ∈ Σ̃ or some other nested component containing
the output formula is initial. For the former, it implies Σ∗, p◦ = Σ, so we just take the left premise as it
is identical to the conclusion; for the latter, it is easy to see by removing A• from the right premise, the
sequent which remains G{Σ} is still initial, which is exactly the conclusion of (cut).

For the inductive step, let us further assume the last rule applied in D1 and D2 are r1 and r2 respec-
tively. We proceed by discussing different roles of A◦ and A• in r1 and r2. Note that no rules in the
calculus introduce weak formulas in the conclusion, so we only need to consider whether the cut for-
mulas are principal or side. Thus we have the following cases: Case 1. A◦ is principal in r1 and A• is
principal in r2; Case 2. A◦ is side in r1; Case 3. A• is side in r2 and A◦ is principal in r1. We demonstrate
each case in turn.

Case 1. A◦ is principal in r1 and A• is principal in r2. Then we have the following sub-cases according
to the shape of A:

• A = B∧C. Then we have the following transformation of the derivation
...

G∗{Σ∗,B◦}

...
G∗{Σ∗,C◦}

r1 = ∧◦
G∗{Σ∗,B∧C◦}

...
G{Σ,B•,C•}

r2 = ∧•
G{Σ,B∧C•}

G{Σ}

⇝ ...
G∗{Σ∗,C◦}

...
G∗{Σ∗,B◦}

w
G∗{Σ∗,B◦,C•}

...
G{Σ,B•,C•}

IH
G{Σ,C•}

IH
G{Σ}

• A = B∨C. Assume w.l.o.g the left premise G∗{Σ∗,B∨C◦} is derived from G∗{Σ∗,B◦}. Then we
have the following transformation of the derivation

...
G∗{Σ∗,B◦}

r1 = ∨◦
G∗{Σ∗,B∨C◦}

...
G{Σ,B•}

...
G{Σ,C•}

r2 = ∨•
G{Σ,B∨C•}

G{Σ}

⇝

...
G∗{Σ∗,B◦}

...
G{Σ,B•}

IH
G{Σ}

• A = B →C. Assume Σ = Σ′,⟨Φ1 //Φ2⟩. Then we have the following transformation of the deriva-
tion

...
G∗{Σ′∗,⟨Φ∗

1 //Φ∗
2⟩,⟨B• //C◦⟩}

r1 =→◦

G∗{Σ′∗,⟨Φ∗
1 //Φ∗

2⟩,B →C◦}

...
G∗{Σ′∗,⟨Φ∗

1,B
◦ //Φ∗

2⟩,B →C•}

...
G{Σ,⟨Φ1 //Φ2,C•⟩,B →C•}

r2 =→•
G{Σ′,⟨Φ1 //Φ2⟩,B →C•}

G{Σ′,⟨Φ1 //Φ2⟩}
⇝

G∗{Σ′∗,⟨Φ∗
1 //Φ∗

2⟩,B →C◦}

...
G∗{Σ′∗,⟨Φ∗

1,B
◦ //Φ∗

2⟩,B →C•}
IH

G∗{Σ′∗,⟨Φ∗
1,B

◦ //Φ∗
2⟩}

...
G∗{Σ′∗,⟨Φ∗

1 //Φ∗
2⟩,⟨B• //C◦⟩}

m
G∗{Σ′∗,⟨Φ∗

1,B
• //Φ∗

2,C
◦⟩}

IH
G∗{Σ′∗,⟨Φ∗

1 //Φ∗
2,C

◦⟩}
G∗{Σ′∗,⟨Φ∗

1 //Φ∗
2⟩,B →C◦}

...
G{Σ,⟨Φ1 //Φ2,C•⟩,B →C•}

IH
G{Σ,⟨Φ1 //Φ2,C•⟩}

IH
G{Σ,⟨Φ1 //Φ2⟩}

Case 2. A◦ is side in r1. Let us discuss the possibilities of r1. Note that in this case r1 cannot be a ◦-rule.

• r1 ∈ {∨•,∧•,(lift)}. Then by hp-invertibility of the rule, we can simulate the same rule application
and apply (cut) for the premise of r1 and inverted conclusion of r2. For example, assume Σ∗ =
Σ′∗,B∧C• and r1 is applied to B∧C•. Then we have the following transformation of the derivation
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...
G{Σ′∗,B•,C•,A◦}

r1 = ∧•

G{Σ′∗,B∧C•,A◦}

...
G{Σ′,B∧C•,A•}

G{Σ′,B∧C•}

⇝

...
G{Σ′∗,B•,C•,A◦}

...
G{Σ′,B∧C•,A•}

hp-inver
G{Σ′,B•,C•,A•}

G{Σ′,B•,C•}
G{Σ′,B∧C•}

Other cases when r1 is applied in nested component contained in G{ } are similar.

• r1 =→• is applied to some B → C•. We can transform the derivation by switching the order of
(cut) and r1. For example, assume w.l.o.g. G∗{Σ∗,A◦} = Σ0

∗,B → C•,⟨Φ∗
1,//Φ∗

2,⟨Ψ∗ //Σ∗,A◦⟩⟩
(other cases are treated similarly),...

Σ0
∗,B →C•,⟨Φ∗

1,B
◦,//Φ∗

2,⟨Ψ∗ //Σ∗⟩⟩

...
Σ0

∗,B →C•,⟨Φ∗
1 //Φ∗

2,C
•,⟨Ψ∗ //Σ∗,A◦⟩⟩

Σ0
∗,B →C•,⟨Φ∗

1 //Φ∗
2,⟨Ψ∗ //Σ∗,A◦⟩⟩

...
Σ0,B →C•,⟨Φ1 //Φ2,⟨Ψ//Σ,A•⟩⟩

Σ0,B →C•,⟨Φ1 //Φ2,⟨Ψ//Σ⟩⟩

⇝

...
Σ0

∗,B →C•,⟨Φ∗
1,B

◦,//Φ∗
2,⟨Ψ∗ //Σ∗⟩⟩

...
Σ0

∗,B →C•,⟨Φ∗
1 //Φ∗

2,C
•,⟨Ψ∗ //Σ∗,A◦⟩⟩

...
Σ0,B →C•,⟨Φ1 //Φ2,⟨Ψ//Σ,A•⟩⟩

w
Σ0,B →C•,⟨Φ1 //Φ2,⟨Ψ//Σ,A•⟩,C•⟩

IH
Σ0,B →C•,⟨Φ1 //Φ2,⟨Ψ//Σ⟩,C•⟩

r2 =→•
Σ0,B →C•,⟨Φ1 //Φ2,⟨Ψ//Σ⟩⟩

Case 3. A• is side in r2 and A◦ is principal in r1.
In this case, let us discuss different shapes of A. If A = B∨C or B∧C, then it follows directly by

invertibility of A• in the right premise of (cut). Thus we only need to consider the case when A = B →C.
We further discuss the possibilities of r2.

• r2 ∈ {∨•,∧•} or r2 = (lift) but not applied to A•, dual to the first case in Case 2.

• r2 ∈ {∨◦,∧◦,→◦}. In these cases, we just permute the rule order of r2 and (cut).

• r2 = (lift) and applied to A•. In this case we can further assume G{Σ,A•} = Σ0,⟨A•,Φ1 //Φ2⟩
where G{·}= Σ0,⟨·//Φ2⟩ and Σ = Φ1. Then we have the derivation D2 is unfolded as

D ′
2

Σ0,⟨A•,Φ1 //A•,Φ2⟩
r2 = (lift)

Σ0,⟨A•,Φ1 //Φ2⟩

Let us further consider the rule above r2, namely the last rule applied in D ′
2, and call it by r3. If r3

is a ◦-rule or another (lift) applied to a formula occurrence rather than A•, we only need to permute
the order of r2 and r3. For example, assume r3 =→◦ and is applied to D → E◦ ∈ Φ2. Let us write
Φ2 = Φ∗

2,D → E◦, then we transform the derivation as

...
Σ∗

0,⟨Φ∗
1,A

◦ //Φ∗
2⟩

...
Σ0,⟨A•,Φ1 //A•,Φ∗

2,⟨D• //E◦⟩⟩
r3 =→◦

Σ0,⟨A•,Φ1 //A•,Φ∗
2,D → E◦⟩

r2 = (lift)
Σ0,⟨A•,Φ1 //Φ∗

2,D → E◦⟩

Σ0,⟨Φ1 //Φ∗
2,D → E◦⟩

⇝

...
Σ∗

0,⟨Φ∗
1,A

◦ //Φ∗
2⟩

w
Σ∗

0,⟨Φ∗
1,A

◦ //Φ∗
2,⟨D• //−⟩⟩

...
Σ0,⟨A•,Φ1 //A•,Φ∗

2,⟨D• //E◦⟩⟩
r2 = (lift)

Σ0,⟨A•,Φ1 //Φ∗
2,⟨D• //E◦⟩⟩

IH
Σ0,⟨Φ1 //Φ∗

2,⟨D• //E◦⟩⟩
r3 =→◦

Σ0,⟨Φ1 //Φ∗
2,D → E◦⟩

If r3 = (lift) and is applied to A•, then we have the following transformation relying on the hp-
admissibility of contraction (cf. Proposition 2.16):
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...
Σ∗

0,⟨Φ∗
1,A

◦ //Φ∗
2⟩

...
Σ0,⟨A•,Φ1 //A•,A•,Φ2⟩

r3 = (lift)
Σ0,⟨A•,Φ1 //A•,Φ2⟩

r2 = (lift)
Σ0,⟨A•,Φ1 //Φ2⟩

Σ0,⟨Φ1 //Φ2⟩

⇝ ...
Σ∗

0,⟨Φ∗
1,A

◦ //Φ∗
2⟩

...
Σ0,⟨A•,Φ1 //A•,A•,Φ2⟩

c
Σ0,⟨A•,Φ1 //A•,Φ2⟩

r2 = (lift)
Σ0,⟨A•,Φ1 //Φ2⟩

IH
Σ0,⟨Φ1 //Φ2⟩

Lastly, the only tricky case remains is when r3 =→• and A• in the same block of Φ2 is principal.
Let Φ2 = Φ′

2,⟨Ψ1 //Ψ2⟩, then we transform the derivation as

...
Σ∗

0,⟨Φ∗
1,⟨B• //C◦⟩//Φ′

2
∗,⟨Ψ∗

1 //Ψ∗
2⟩⟩ r1

Σ∗
0,⟨Φ∗

1,B →C◦ //Φ′
2
∗,⟨Ψ∗

1 //Ψ∗
2⟩⟩

...
Σ∗

0,⟨B →C•,Φ∗
1 //B →C•,Φ′

2
∗,⟨Ψ∗

1,B
◦ //Ψ∗

2⟩⟩

...
Σ0,⟨B →C•,Φ1 //B →C•,Φ′

2,⟨Ψ1 //Ψ2,C•⟩⟩
r3 =→•

Σ0,⟨B →C•,Φ1 //B →C•,Φ′
2,⟨Ψ1 //Ψ2⟩⟩

r2 = (lift)
Σ0,⟨B →C•,Φ1 //Φ′

2,⟨Ψ1 //Ψ2⟩⟩

Σ0,⟨Φ1 //Φ′
2
∗,⟨Ψ1 //Ψ2⟩⟩

⇝

Σ0
∗,⟨Φ∗

1,B →C◦ //Φ′
2
∗,⟨Ψ1 //Ψ2⟩⟩

...
Σ∗

0,⟨B →C•,Φ∗
1 //B →C•,Φ′

2
∗,⟨Ψ∗

1,B
◦ //Ψ∗

2⟩⟩
(lift)

Σ∗
0,⟨B →C•,Φ∗

1 //Φ′
2
∗,⟨Ψ∗

1,B
◦ //Ψ∗

2⟩⟩ IH
Σ∗

0,⟨Φ∗
1 //Φ′

2
∗,⟨Ψ∗

1,B
◦ //Ψ∗

2⟩⟩

Σ0
∗,⟨Φ∗

1,⟨B• //C◦⟩//Φ′
2
∗,⟨Ψ∗

1 //Ψ∗
2⟩⟩

R2
Σ0

∗,⟨Φ∗
1 //Φ′

2
∗,⟨B• //C◦⟩,⟨Ψ∗

1 //Ψ∗
2⟩⟩

m
Σ0

∗,⟨Φ∗
1 //Φ′

2
∗,⟨Ψ∗

1,B
• //Ψ∗

2,C
◦⟩⟩

IH
Σ0

∗,⟨Φ∗
1 //Φ′

2
∗,⟨Ψ∗

1 //Ψ∗
2,C

◦⟩⟩

Σ0
∗,⟨Φ∗

1,B →C◦ //Φ′
2
∗,⟨Ψ∗

1 //Ψ∗
2⟩⟩

...
Σ0,⟨B →C•,Φ1 //B →C•,Φ′

2,⟨Ψ1,//Ψ2,C•⟩⟩
(lift)

Σ0,⟨B →C•,Φ1 //Φ′
2,⟨Ψ1,//Ψ2,C•⟩⟩

IH
Σ0,⟨Φ1 //Φ′

2,⟨Ψ1,//Ψ2,C•⟩⟩
IH

Σ0,⟨Φ1 //Φ′
2,⟨Ψ1 //Ψ2⟩⟩

This completes the proof.

As a direct consequence of cut-free completeness, we can syntactically prove the verification lemma
(cf. Lemma 1.7).

Let us consider the following rules:

⟨A•,B◦ //−⟩
V1

A → B◦

⟨−//A•,B◦⟩
V2

A → B◦

where double line in an inference rule means the premise and conclusion are interchangeable.
Notice that the two rules V1,V2 can be regarded the syntactic version of the verification lemma. This

is due to the following fact, which is easily verified using the frame condition (F1).

Proposition 2.20. Let M = (O,K,R,V ) be a model. The following statements are equivalent:

(i). ⟨A•,B◦ //−⟩ is valid in M ;

(ii). ⟨−//A•,B◦⟩ is valid in M ;

(iii). for every a ∈ K, a ⊩ A implies a ⊩ B.

Proof. The equivalence of the three are shown by proving (iii) is equivalent to both (i) and (ii). We only
show the former case as the latter is similar.

• (i)⇒ (iii): Take arbitrary a ∈ K and assume a ⊩ A. By (F1), there exists x ∈ O s.t. Rxaa. Since
x ⊩ ⟨A•,B◦ //−⟩, we have a ⊩ A•,B◦ and hence a ⊩ B.

• (iii)⇒ (i): Assume ⟨A•,B◦ //−⟩ is not valid in M , then there exists x ∈ O s.t. x ⊮ ⟨A•,B◦ //−⟩,
meaning that there are y,z ∈ K s.t. Rxyz and y ⊩ A and y ⊮ B, a contradiction.

This completes the proof.

From this proposition, by Lemma 1.7, we have the following immediately:
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Corollary 2.21. The two rules V1,V2 are valid.

The next proposition shows that the two rules above are admissible in CB+ .

Proposition 2.22. The two rules V1,V2 are admissible in CB+ .

Proof. We only show the admissibility of V1 as the proof for V2 is similar. First, assume A → B◦ is
derivable in CB+ . Since CB+ is cut-free and A → B◦ itself cannot be initial, we have ⟨A• //B◦⟩ derivable
as well. Then, by R1, we derive ⟨A•,B◦ //−⟩. Conversely, assume ⟨A•,B◦ //−⟩ is derivable, we have the
following short derivation of A → B◦:

⟨A•,B◦ //−⟩
⟨A•,B• //B•,B◦⟩

(lift)
⟨A•,B• //B◦⟩

(cut)
⟨A• //B◦⟩

→◦
A → B◦

Since (cut) is admissible in CB+ , we conclude A → B◦ has a (cut)-free derivation.

3 Tracking relevance via nested sequents

In this section, we establish several meta-logical properties regarding relevance as further consequences
of the cut-admissibility result.

The variable-sharing property is regarded as the fundamental feature for relevant logic [34], and
it can be strengthened to the strong variable sharing property and the depth relevance property [7]
which put further requirements on the polarity and location of the shared variable. However, all these
properties have only complicated semantic proofs to date [7]. Although there are several existing calculi
for the logic, such as Hilbert calculus, display calculus and several labeled sequent calculi, none of
them is capable to capture these essential properties syntactically. The reason is somewhat intuitive. On
one hand, it is always hard to track variables in a derivation in a Hilbert system due to its non-analytic
appearance; on the other hand, display and labeled calculi are too general to provide a precise answer to
what is really necessary for a proof.

Thanks to the tree structure and the single output syntax of CB+ , it is natural to characterize the
relationship between different nodes and track the flowing of variable occurrences along a backward
derivation. We propose a notion called reachability to extract sub-branches in a nested tree. By means
of this notion, we provide the first syntactic proofs for all these fundamental relevance properties, which
provides strong evidence that CB+ is a suitable calculus for the logic as it well captures the essence of
relevance.

3.1 Variable-sharing property

Definition 3.1 (Variable-sharing property). A logic L is said to have the variable-sharing property (VSP
for short) if whenever A → B is a theorem in L, Var(A)∩Var(B) ̸=∅.

We show that a generalized form of variable-sharing property is preserved by backward rule applica-
tions of CB+ . Before that, we first prove some basic facts on provable equivalence.

Proposition 3.2. Let Φ be a multi-set of •-formulas and Ψ a nested sequent. Then ⟨Φ//Ψ⟩ is provable
if and only if ⟨−//Φ,Ψ⟩ is provable.
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Proof. The (⇐) direction follows from applications weakening and (lift); for the converse, it is easily
proved by induction on the height of a derivation of ⟨Φ//Ψ⟩. Assume the last rule applied in a derivation
of ⟨Φ//Ψ⟩ is r. We only show the following two non-trivial sub-cases:

• r = (lift). Assume Φ = Φ′,A• and ⟨Φ′,A• //Ψ⟩ is derived from ⟨Φ′,A• //A•,Ψ⟩. By IH, we have
⟨−//Φ′,A•,A•,Ψ⟩ is derivable. By contraction, we obtain ⟨−//Φ′,A•,Ψ⟩ as required.

• r =→•. Note that Φ is block-free, so →• only involves formulas and blocks in Ψ. We only need
to apply IH first and then apply →• to the same formulas.

This completes the proof.

We call a nested sequent in the form ⟨−//Φ⟩ base-free or 0-free sequent. It is easy to see that (lift)
is not applicable to such a sequent, and other rules can only move formulas within Φ, therefore, the
following holds trivially:

Fact 3.3. For any derivation in CB+ , if it is rooted by a 0-free sequent then the derivation only contains
0-free sequents.

The following proposition allows to transform a implication formula into an equivalent 0-free se-
quent.

Proposition 3.4. The following are equivalent in CB+:

(i). A → B is provable;

(ii). ⟨A• //B◦⟩ is provable;

(iii). ⟨−//A•,B◦⟩ is provable.

Proof. (i) ⇒ (ii) is due to the cut-free feature of CB+ ; the converse follows by applying →◦. The
equivalence of (ii) and (iii) is a corollary of Proposition 3.2.

From now on, in the rest of the section, we will mainly consider 0-free nested sequents and their
proofs.

Next, we define the notion of reachability, which describes relations between nodes occurring in the
tree structure of a nested sequent and is the key notion for proving the relevance properties. First, we
need some relations to describe the nesting structure between blocks. We adopt the same notation from
[5, 4].

Definition 3.5 (∈+
0 ,∈+-relation). Let Σ be a nested sequent. For any (full or left-sided) nested sequents

Φ and Ψ, We say Φ directly belongs to Ψ (in Σ), written as Φ ∈+
0 Ψ, if Σ is of one of the following forms

for some context G{ }:
G{Φ,⟨Ψ//Π⟩} G{Φ,⟨Π//Ψ⟩}

The relation ∈+ is defined as the transitive and reflexive closure of ∈+
0 .

According to the definition, for a given sequent Σ. it holds that Φ ∈+ Σ for any nested component Φ

in it. For instance, let Σ = p∨q•,⟨p•,⟨q• // p◦⟩// t•⟩ and denote

Φ1 = p•,⟨q• // p◦⟩ Φ2 = t• Φ3 = p• Φ4 = p◦

we have Φi ∈+
0 Φ1 ∈+

0 Σ for i ∈ {3,4} and Φ2 ∈+
0 Σ but not Φ1 ∈+

0 Φ2.
Recall the -̃operator in Definition 2.3, we define reachability as follows.
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Definition 3.6 (Reachable nodes). Let Σ be a nested sequent and Φ,Ψ∈+ Σ. We say Φ̃ is direct reachable
to Ψ̃ (or [Φ̃,Ψ̃] forms a direct reachable pair) if Φ ∈+

0 Ψ or Ψ ∈+
0 Φ; and Φ̃ is reachable to Ψ̃ if Φ ∈+ Ψ

or Ψ ∈+ Φ.

According to the definition, reachability is reflexive and generated by nested blocks; however, the
two arguments in one single binary block are not reachable. Intuitively, if Φ̃ is reachable to Ψ̃, it implies
there is a sub-branch in the tree of Σ connecting Φ̃ and Ψ̃.

It is worth noticing the distinction between a node of a nested tree and a component of a nested se-
quent in the two definitions above. The relations ∈+ and ∈+

0 are defined between nested components, that
are the whole content in a component of a relevant block, hence might contain nested blocks. However,
nodes in the tree of a nested sequent are flat, obtained by forgetting the further nested structure with the
-̃operator. In the previous example, we have Φ̃1 = p• and Φ̃i = Φi for i ∈ {2,3,4}. The nodes Φ̃3 and

Φ̃1 are reachable to each other but Φ1 and Φ̃2 as two components in the same block are not reachable.
Moreover, every node is reachable to the root node, which in the example is Σ̃ = p∨q•.

For convenience, we shall call the node that contains the unique output formula the output node and
others the input nodes.

Now we can show a generalized form of VSP based on 0-free sequents.

Lemma 3.7. Let Γ = ⟨−//Σ⟩ be a 0-free nested sequent with the output formula θ . If it is provable, then
there exist Φ,Ψ ∈+ Σ such that

• θ ◦ ∈ Φ̃;

• Φ̃ is reachable to Ψ̃;

• there exists ρ• ∈ Ψ̃ such that Var(θ)∩Var(ρ) ̸=∅.

Proof. By induction on the height h of the derivation of Γ. First, if h = 0, meaning that Γ is an axiom,
so Γ is of the form G{Λ, p•, p◦} for some context G{ }. Since reachability is reflexive, we simply take
p• as the required ρ•, p◦ as the required θ ◦, and the node Λ̃, p•, p◦ as both Φ̃ and Ψ̃, and the condition
on variable holds trivially.

Next, if h > 0, let us consider the last rule r applied in the derivation and verify each rule of CB+ in
turn. First (lift)is vacuous in 0-free sequents; the cases regarding ∨•,∧•,∨◦,∧◦ are straightforward, as
the location of the output formula and the situation of reachability to the output node is not affected by
backward rule application. We only show the following two cases.

• r =→•. Assume Γ = G{Σ,C → D•,⟨Φ1 //Φ2⟩} and is derived from the two premises Γ1 =
G∗{Σ∗,C → D•,⟨Φ∗

1,C
◦ //Φ∗

2⟩} and Γ2 = G{Σ,C → D•,⟨Φ1 //Φ2,D•⟩}. Note that for Γ2, the
reachability of the output node (call it Θ) and the output formula θ ◦ are the same as the conclusion
Γ. This implies if the required ρ• is not the displayed D• produced by →•, then we only need
to apply IH and take the same ρ for the conclusion. Therefore, it suffices to check the remaining
case when the required ρ• for Γ2 is D•. According to the conditions in the lemma, this means Θ

is reachable to Φ̃2,D•. Since the unique ancestor of Φ̃2,D• is Σ̃,C → D•, by the tree structure,
Θ is also reachable to Σ̃,C → D•. Since the output node in the conclusion is also Θ, we can take
C → D• as ρ for the conclusion. By IH, Var(θ)∩Var(D) ̸= ∅, so Var(θ)∩Var(C → D) ̸= ∅ as
well.

• r =→◦. Assume Γ = G{Σ,C → D◦} and is derived from Γ′ = G{Σ,⟨C• //D◦⟩}. By IH, D◦ is θ ◦

in the statement of the lemma; by Definition 3.6, the component containing C• is not reachable to
the one containing D◦, so the required ρ• occurs either in Σ or somewhere in the context G{ } and
Var(ρ)∩Var(D) ̸=∅. It follows directly Var(ρ)∩Var(C → D) ̸=∅ as well. For the reachability
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condition, notice that the same reachability is preserved for the conclusion, as both (1) the output
node of the conclusion Σ̃,C → D◦ is reachable to itself and (2) any other node in the context G{ }
reachable to the output node D◦ in the premise is also reachable to Σ hold trivially.

This completes the proof.

Theorem 3.8 (VSP for B+). If A → B is a theorem in B+, then Var(A)∩Var(B) ̸=∅.

Proof. Since A → B is a theorem in B+ and CB+ is complete, it follows A → B◦ is provable in CB+ . By
Proposition 3.4, ⟨−//A•,B◦⟩ is provable as well. Note that the only reachable node for the output node
is itself, and A• is the only •-formula therein, by Lemma 3.7, we have Var(A)∩Var(B) ̸=∅.

Remark 3.9. Since B+ is constant-free, if it has Craig interpolation, then VSP follows as well, but not
vice versa.

Remark 3.10. Following the proof of Lemma 3.7, we can further derive the so-called strong variable
sharing property almost for free. We only need to assign polarities to each formula and require opposite
polarities for the shared variable, which the calculus already records explicitly.

3.2 Depth relevance property

To distinguish a specific formula occurrence and a formula, we use F̂ to denote an occurrence of F . As
a formula might have several formula occurrences, we further denote them by F̂1, F̂2, . . . and so on. Here
the subscript is only used to specify a certain occurrence (serving like a name of the occurrence) but has
no meaning with respect to an order. We shall also omit subscripts when the occurrence is clear from the
context. Moreover, we call the two displayed occurrences of B̂@Ĉ by direct sub-occurrences of B̂@C
for @ ∈ {→,∨,∧}.

We define the notion of depth of a formula occurrence in a given formula as follows. A notational
variant of the same definition is found in [7].

Definition 3.11 (Depth of formula occurrence of a given formula). Let F be a formula and Â occurs in
F , we define the depth of Â in F , denoted dpF(Â), as follows:

• dpF(F̂) := 0

• dpF(B̂) := dpF(Ĉ) = n, if they are direct sub-occurrences of B̂@C and dpF(B̂@C) = n where
@ ∈ {∨,∧}

• dpF(B̂) = dpF(Ĉ) = n+1 if they are direct sub-occurrences of B̂ →C and dpF(B̂ →C) = n

For two formula occurrences Â, Ĝ in F such that Â occurs in Ĝ, we write dpG(Â) for the depth of Â
in Ĝ regarding G as an independent formula.

Intuitively, the depth of Â in F means the length of the branch from Â to F in the decomposing tree
of F , where ∨,∧-decompositions are local, child nodes are only generated by →.

By definition, for the two occurrences Â, Ĝ in F , the depth of Â in Ĝ is only determined by Â and Ĝ
themselves, regardless of the precise location of Ĝ, i.e. of which formula F it occurs as a sub-occurrence.

Example 3.12. Let F = p → (p → ((s∧ t)∨ q)) and G = p → ((s∧ t)∨ q). By definition dpF(t̂) =
2,dpG(t̂) = 1 and dpF(Ĝ) = 1.

Proposition 3.13. Let F be a formula and Â, Ĝ be two formula occurrences in F. If Â occurs in Ĝ, then
dpF(Â) = dpF(Ĝ)+dpG(Â).
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Proof. By induction on the depth of Ĝ in F .

We can naturally extend this notion to a sequent, distinguishing either the formula is explicit in some
node of the sequent, or occurs as a subformula. To achieve this, we first define the notion of depth of
nested components, which measures the depth of nesting of a nested block in a given sequent. Then we
generically define the depth of formula occurrence in a sequent regardless of it is polarized with • or ◦.

Definition 3.14 (Depth of nested nodes and depth of formula occurrence in a given sequent). Let Σ be a
sequent. For any Φ ∈+ Σ, we define dpΣ(Φ) as follows:

• dpΣ(Σ) = 0

• dpΣ(Φ) = n+1 if Φ ∈+
0 Ψ and dpΣ(Ψ) = n

For any A ∈ Φ̃ for some Φ ∈+ Σ, we define dpΣ(A) := dpΣ(Φ). Furthermore, for any formula occur-
rences B̂ in A, we define its depth in Σ with respect to A as dpA

Σ(B̂) := dpΣ(A)+dpA(B̂).

Regarding Â as the maximal formula occurrence in A, we observe that dpA
Σ(Â) = dpΣ(A)+dpA(Â) =

dpΣ(A). It is also worth noticing that, in a sequent, when a formula explicitly occurs in a multiset, the
notions of formula and formula occurrences coincide, but the latter is meaningful for those which are not
independently displayed as formulas.

The following is the depth relevance property for 0-free sequents, which is a stronger version of
Lemma 3.7 by taking depth into consideration. The proof is structured in the same way and we only
need to verify the equality of depth. In the case of →• and →◦, we observe that the change in depth at
a given node is exactly the opposite of the change in depth in the formula; therefore, the depth of the
shared variable as the witness remains unchanged.

Lemma 3.15. Let ⟨−//Σ⟩ be a 0-free sequent with the output formula θ . If it is provable, then there
exist Φ,Ψ ∈+ Σ such that

(a). θ ◦ ∈ Φ̃;

(b). Ψ̃ is reachable to Φ̃;

(c). there exists χ• ∈ Ψ̃ and a variable p such that p ∈ Var(θ)∩Var(χ) and there are two occurrences
p̂1, p̂2 of p such that dpθ

Σ(p̂1) = dp
χ

Σ
(p̂2).

Proof. By induction on the height h of the derivation of Γ. First, if h = 0, meaning that Γ is an axiom, so
Γ is of the form G{Λ, p•, p◦} for some context G{ }. We simply take p as the required θ and Λ, p•, p◦

as both Φ and Ψ as required. Then all the three conditions hold trivially.
Next, if h > 0, let us consider the last rule r applied in the derivation and verify each rule of CB+ in

turn. We only show the following three cases.

• r = ∨◦. Assume Γ = G{Λ,A∨B◦} is obtained from Γ′ = G{Λ,A◦}. It is easy to see that all the
depth information of variables in Γ′ is precisely preserved in Γ. By IH, there exist Ψ∈+ Γ′ such that
Ψ̃ is reachable to Λ̃,A◦; and χ• ∈ Ψ̃ with p in it satisfies (c) in the lemma. Since from Γ′ to Γ, only
the output formula is changed, so we can take the same χ• in Γ and verify condition (b) and (c) for
the updated θ ◦ = A∨B◦. The reachability is the same, hence (b) holds. Since p∈Var(A)∩Var(χ),
it follows p ∈ Var(A∨B)∩Var(χ) as well. According to (c) for Γ′, there are two occurrences p̂1
and p̂2 of p such that dpA

Γ′(p̂1) = dp
χ

Γ′(p̂2). By definition, dpA
Γ′(p̂1) = dpΓ′(Λ,A◦)+dpA(p̂1) and

dp
χ

Γ′(p̂2) = dpΓ′(Ψ)+ dpχ(p̂2). Also, dpA∨B
Γ (p̂1) = dpΓ(Λ,A∨B◦)+ dpA∨B(p̂1) and dp

χ

Γ
(p̂2) =

dpΓ(Ψ)+ dpχ(p̂2). By Proposition 3.13, we have dpA∨B(p̂1) = dpA∨B(Â)+ dpA(p̂1) = dpA(p̂1).
Since dpΓ(Λ,A∨B◦) = dpΓ′(Λ,A◦) and dpΓ(Ψ) = dpΓ′(Ψ), we conclude dpA∨B

Γ (p̂1) = dp
χ

Γ
(p̂2).
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• r =→•. Assume Γ = G{Σ,C → D•,⟨Φ1 //Φ2⟩} and is derived from the two premises Γ1 =
G∗{Σ∗,C → D•,⟨Φ∗

1,C
◦ //Φ∗

2⟩} and Γ2 = G{Σ,C → D•,⟨Φ1 //Φ2,D•⟩}. Note that for Γ2, the
reachability of the output node Φ and the output formula θ ◦ are the same as the conclusion Γ. We
distinguish two sub-cases.
(i) Assume the required χ• for Γ2 is not the displayed D• produced by →•. Then we only need to
apply IH and take the same χ for the conclusion at the same depth. The proof proceeds similarly
to the previous case of ∨◦.
(ii) Otherwise, χ• for Γ2 is D•. For the same reason in the corresponding case of Lemma 3.7, we
can take C → D• as χ for the conclusion Γ. By IH, there is p̂1 in D• in Γ2 satisfying the condition.
We take the corresponding occurrence p̂′1 of p̂ in D̂ in C → D•. It suffices to show dpC→D

Γ (p̂′1) =
dpD

Γ2
(p̂1). By definition, dpC→D

Γ (p̂1) = dpΓ(Σ,C → D•,⟨Φ1 //Φ2⟩)+dpC→D(p̂′1) and dpD
Γ2
(p̂1) =

dpΓ2
(Φ2,D•)+dpD(p̂1). We further observe dpΓ2

(Φ2,D•) = dpΓ(Σ,C → D•,⟨Φ1 //Φ2⟩)+1 and
dpC→D(p̂′1) = dpC→D(D)+dpD(p̂1) = dpD(p̂1)+1, thus dpC→D

Γ (p̂′1) = dpD
Γ2
(p̂1).

• r =→◦. Assume Γ = G{Σ,C → D◦} and is derived from Γ′ = G{Σ,⟨C• //D◦⟩}. Dual to (ii) in
the case of →•, by IH, there is p̂2 in D◦ in Γ′ satisfying the condition. We take the corresponding
occurrence p̂′2 of p̂2 in D̂ in C → D◦. It suffices to show dpC→D

Γ (p̂′2) = dpD
Γ′(p̂2). By definition,

dpC→D
Γ (p̂′2) = dpΓ(Σ,C → D◦)+ dpC→D(p̂′2) and dpD

Γ′(p̂2) = dpΓ′(Σ,⟨C• //D◦⟩)+ dpD(p̂2). It is
easy to see dpΓ(Σ,C →D◦) = dpΓ′(Σ,D◦)−1 and dpC→D(p̂′2) = dpD(p̂2)+1, so the equality holds
as required.

Then we are done.

Now in contrast to the previous semantic proof [7], we can show the DRP for B+ syntactically.

Theorem 3.16 (DRP for B+). If A → B is a theorem in B+, then there exists a variable p such that
p ∈ Var(A)∩Var(B) and there are two occurrences p1, p2 of p in A and B respectively with dpA(p̂1) =
dpB(p̂2).

Proof. Due to the same reason of the first lines of the proof of Theorem 3.8, we can apply Lemma
3.15. Let Σ0 = ⟨−//A•,B◦⟩. Then there exists a variable p such that p ∈ Var(A)∩Var(B) and and there
are two occurrences p̂1, p̂2 of p dpA

Σ0
(p̂1) = dpB

Σ0
(p̂2). Let us denote the nested component A•,B◦ by

Φ. By definition, dpA
Σ0
(p̂1) = dpΣ0

(Φ)+ dpA(p̂1) and dpB
Σ0
(p̂2) = dpΣ0

(Φ)+ dpB(p̂2), thus dpA(p̂1) =
dpB(p̂2).



F. De Martin Polo & H. Gao 19

A Appendix

Theorem 2.13 (Completeness of CB+ +(cut)). All the axioms and rules in HB+ are derivable in CB+ +
(cut). Consequently, if a formula A ∈ Frm is valid, then it is provable in CB+ +(cut).

Proof. We proceed to derive the axioms and rules of CB+ . Since the derivations are routine, we restrict
attention to a few illustrative cases.

⊢CB+
A∧ (B∨C)→ (A∧B)∨ (A∧C)◦

(id)
⟨A•,B• //A•,A◦⟩

(lift)
⟨A•,B• //A◦⟩

(id)
⟨A•,B• //B•,B◦⟩

(lift)
⟨A•,B• //B◦⟩

∧◦
⟨A•,B• //A∧B◦⟩

∨◦
⟨A•,B• // (A∧B)∨ (A∧C)◦⟩

(id)
⟨A•,C• //A•,A◦⟩

(lift)
⟨A•,C• //A◦⟩

(id)
⟨A•,C• //C•,C◦⟩

(lift)
⟨A•,C• //C◦⟩

∧◦
⟨A•,C• //A∧C◦⟩

∨◦
⟨A•,C• // (A∧B)∨ (A∧C)◦⟩

∨•
⟨A•,B∨C• // (A∧B)∨ (A∧C)◦⟩

∧•
⟨A∧ (B∨C)• // (A∧B)∨ (A∧C)◦⟩

→◦
A∧ (B∨C)→ (A∧B)∨ (A∧C)◦

For mp, we show that if ⊢CB+
A → B◦ and ⊢CB+

A◦, then ⊢CB+
B◦.

A◦

A → B◦

(id)
A → B•,⟨A•,A◦ //−⟩

(id)
A → B•,⟨A• //B•,B◦⟩

→•
A → B•,⟨A• //B◦⟩

(cut)
⟨A• //B◦⟩

R1
A•,B◦

(cut)
B◦

For aff, we prove that if ⊢CB+
A → B◦ and ⊢CB+

C → D◦, then ⊢CB+
(B →C)→ (A → D)◦.

A → B◦

(id)
A → B•,⟨A•,A◦ //−⟩

(id)
A → B•,⟨A• //B•,B◦⟩

→•
A → B•,⟨A• //B◦⟩

(cut)
⟨A• //B◦⟩

R1
⟨B →C•,⟨A•,B◦ //−⟩//−⟩

C → D◦

(id)
C → D•,⟨C•,C◦ //−⟩

(id)
C → D•,⟨C• //D•,D◦⟩

→•
C → D•,⟨C• //D◦⟩

(cut)
⟨C• //D◦⟩

R1
⟨B →C•,⟨A• //C•,D◦⟩//−⟩

→•
⟨B →C•,⟨A• //D◦⟩//−⟩

R2
⟨B →C• // ⟨A• //D◦⟩⟩

→◦
⟨B →C• //A → D◦⟩

→◦
(B →C)→ (A → D)◦

This completes the proof.
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